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larger than the value required by cosmology. Postulating instead a con-
nection to the energy scale of quantum chromodynamics would still 
leave a discrepancy of some 40 orders of magnitude. A cosmological 
dark energy field that is so unnaturally small compared with these par-
ticle physics scales is a profound mystery. 

The evidence for an accelerating universe provided by type Ia super-
novae relies on a purely phenomenological calibration of the relation 
between the peak luminosity and the shape of the light curve. It is this 
that lets these supernovae be used as an accurate standard candle. Yet 
this relation is not at all understood theoretically. Modern simulations 
of thermonuclear explosions of white dwarfs suggest that the peak lumi-
nosity should depend on the metallicity of the progenitor star66,67. This 
could, in principle, introduce redshift-dependent systematic effects, 
which are not well constrained at present. Perhaps of equal concern is the 
observation that the decline rate of type Ia supernovae correlates with 
host galaxy type68,69, in the sense that the more luminous supernovae 
(which decline more slowly) are preferentially found in spiral galaxies. 

Interestingly, it has also been pointed out that without the evidence 
for accelerated expansion from type Ia supernovae, a critical density 
Einstein–de Sitter universe can give a good account of observations of 
large-scale structure provided the assumption of a single power  law for 
the initial inflationary fluctuation spectrum is dropped, a small amount 
of hot dark matter is added, and the Hubble parameter is dropped to the 
perhaps implausibly low value h ≈ 0.45 (ref. 70).

The CMB temperature measurements provide particularly compelling 
support for the paradigm. The WMAP temperature maps do, however, 
show puzzling anomalies that are not expected from gaussian fluctua-
tions71–73, as well as large-scale asymmetries that are equally unexpected 
in an isotropic and homogeneous space74,75. Although these signals could 
perhaps originate from foregrounds or residual systematics, it is curious 
that the anomalies seem well matched by anisotropic Bianchi cosmologi-
cal models, although the models examined so far require unacceptable 
cosmological parameter values76. Further data releases from WMAP 
and future CMB missions such as PLANCK will shed light on these 

Figure 4 | Time evolution of the cosmic large-
scale structure in dark matter and galaxies, 
obtained from cosmological simulations of the 
ΛCDM model. The panels on the left show the 
projected dark matter distribution in slices 
of thickness 15 h–1 Mpc, extracted at redshifts 
z = 8.55, z = 5.72, z = 1.39 and z = 0 from the 
Millennium N-body simulation of structure 
formation5. These epochs correspond to times of 
600 million, 1 billion, 4.7 billion and 13.6 billion 
years after the Big Bang, respectively. The colour 
hue from blue to red encodes the local velocity 
dispersion in the dark matter, and the brightness 
of each pixel is a logarithmic measure of the 
projected density. The panels on the right show 
the predicted distribution of galaxies in the same 
region at the corresponding times obtained by 
applying semi-analytic techniques to simulate 
galaxy formation in the Millennium simulation5. 
Each galaxy is weighted by its stellar mass, and 
the colour scale of the images is proportional to 
the logarithm of the projected total stellar mass. 
The dark matter evolves from a smooth, nearly 
uniform distribution into a highly clustered state, 
quite unlike the galaxies, which are strongly 
clustered from the start.

Dark matter Galaxiesz = 8.55

T = 0.6 Gyr

z = 5.72

T = 1.0 Gyr

z = 1.39

T = 4.7 Gyr

z = 0

T = 13.6 Gyr

z = 0

T = 13.6 Gyr

z = 1.39

T = 4.7 Gyr

z = 5.72

T = 1.0 Gyr

z = 8.55

T = 0.6 Gyr

150 h–1 Mpc 150 h–1 Mpc

1141

NATURE|Vol 440|27 April 2006 INSIGHT REVIEW

Nature  Publishing Group ©2006

3

where ta are the generators of SU(Nc) in the fundamental
representation (The cell index j is omitted here). The
N2

c �1 equations (4) are highly non-linear and for Nc = 3
are solved iteratively.

The total energy density on the lattice at � = 0 is given
by

�(� = 0) =
2

g2a4
(Nc � Re tr U�) +

1

g2a4
tr E2

� , (5)

where the first term is the longitudinal magnetic energy,
with the plaquette given by U j

� = Ux
j Uy

j+x̂ Ux†
j+ŷ Uy†

j .
The explicit lattice expression for the longitudinal elec-
tric field in the second term can be found in Refs. [32, 34].
We note that the boost-invariant CYM framework ne-
glects fluctuations in the rapidity direction. Anisotropic
flow at mid-rapdity is dominated by fluctuations in the
transverse plane but fluctuations in rapidity could have
an e�ect on the dissipative evolution; the framework to
describe these e�ects has been developed [35] and will
be addressed in future work. Other rapidity dependent
initial conditions are discussed in Ref. [36].

In Fig. 1 we show the event-by-event fluctuation in
the initial energy per unit rapidity. The mean was ad-
justed to reproduce particle multiplicities after hydro-
dynamic evolution. This and all following results are for
Au+Au collisions at RHIC energies (

�
s = 200 AGeV) at

midrapidity. The best fit is given by a negative binomial
(NBD) distribution, as predicted in the Glasma flux tube
framework [37]; our result adds further confirmation to a
previous non-perturbative study [38]. The fact that the
Glasma NBD distribution fits p+p multiplicity distribu-
tions over RHIC and LHC energies [24] lends confidence
that our picture includes fluctuations properly.

We now show the energy density distribution in the
transverse plane in Fig. 2. We compare to the MC-KLN
model and to an MC-Glauber model that was tuned to
reproduce experimental data [4, 8]. In the latter, for ev-
ery participant nucleon, a Gaussian distributed energy
density is added. Its parameters are the same for ev-
ery nucleon in every event, with the width chosen to be
0.4 fm to best describe anisotropic flow data. We will
also present results for a model where the same Gaus-
sians are assigned to each binary collision. The resulting
initial energy densities di�er significantly. In particular,
fluctuations in the IP-Glasma occur on the length-scale
Q�1

s (x�), leading to finer structures in the initial energy
density relative to the other models. As noted in [25],
this feature of CGC physics is missing in the MC-KLN
model.

We next determine the participant ellipticity �2 and
triangularity �3 of all models. Final flow of hadrons vn is
to good approximation proportional to the respective �n

[39], which makes these eccentricities a good indicator of
what to expect for vn. We define

�n =

�
�rn cos(n�)�2 + �rn sin(n�)�2

�rn� , (6)

FIG. 2. (Color online) Initial energy density (arbitrary units)
in the transverse plane in three di�erent heavy-ion collision
events: from top to bottom, IP-Glasma, MC-KLN and MC-
Glauber [8] models.

where �·� is the energy density weighted average. The re-
sults from averages over � 600 events for each point plot-
ted are shown in Fig. 3. The ellipticity is largest in the
MC-KLN model and smallest in the MC-Glauber model
with participant scaling of the energy density (Npart).
The result of the present calculation lies in between,
agreeing well with the MC-Glauber model using binary
collision scaling (Nbinary). We note however that this
agreement is accidental; binary collision scaling of eccen-
tricities, as shown explicitly in a previous work applying
average CYM initial conditions [40], does not imply bi-
nary collision scaling of multiplicities.

The triangularities are very similar, with the MC-KLN
result being below the other models for most impact pa-
rameters. Again, the present calculation is closest to the
MC-Glauber model with binary collision scaling. There
is no parameter dependence of eccentricities and trian-
gularities in the IP-Glasma results shown in Fig. 3. It
is reassuring that both are close to those from the MC-
Glauber model because the latter is tuned to reproduce
data even though it does not have dynamical QCD fluc-
tuations.

We have checked that our results for �2, �3 are insensi-

Problem for cosmology and heavy ion physics: precise initial conditions for
fluid dynamic description not known

240 24. The Cosmological Parameters

Table 24.1: Parameter constraints reproduced from Ref. 2 (Table
5) and Ref. 4 (Table 4), with some additional rounding. All columns
assume the �CDM cosmology with a power-law initial spectrum, no
tensors, spatial flatness, and a cosmological constant as dark energy.
Above the line are the six parameter combinations actually fit to the
data in the Planck analysis (�MC is a measure of the sound horizon
at last scattering); those below the line are derived from these. Two
di�erent data combinations including Planck are shown to highlight
the extent to which additional data improve constraints. The first
column is a combination of CMB data only — Planck temperature
plus WMAP polarization data plus high-resolution data from ACT
and SPT — while the second column adds BAO data from the SDSS,
BOSS, 6dF, and WiggleZ surveys. For comparison the last column
shows the final nine-year results from the WMAP satellite, combined
with the same BAO data and high-resolution CMB data (which they
call eCMB). Uncertainties are shown at 68% confidence.

Planck+WP Planck+WP WMAP9+eCMB

+highL +highL+BAO +BAO

�bh2 0.02207 ± 0.00027 0.02214 ± 0.00024 0.02211 ± 0.00034

�ch2 0.1198 ± 0.0026 0.1187 ± 0.0017 0.1162 ± 0.0020

100 �MC 1.0413 ± 0.0006 1.0415 ± 0.0006 �

ns 0.958 ± 0.007 0.961 ± 0.005 0.958 ± 0.008

� 0.091+0.013
�0.014 0.092 ± 0.013 0.079+0.011

�0.012

ln(1010�2
R) 3.090 ± 0.025 3.091 ± 0.025 3.212 ± 0.029

h 0.673 ± 0.012 0.678 ± 0.008 0.688 ± 0.008

�8 0.828 ± 0.012 0.826 ± 0.012 0.822+0.013
�0.014

�m 0.315+0.016
�0.017 0.308 ± 0.010 0.293 ± 0.010

�� 0.685+0.017
�0.016 0.692 ± 0.010 0.707 ± 0.010

scale-invariant density perturbations. But it is disappointing that there is
no sign of primordial gravitational waves, with the CMB data compilation
providing an upper limit r < 0.11 at 95% confidence [2] (weakening to
0.26 if running is allowed). The spectral index is clearly required to be less
than one by this data, though the strength of that conclusion can weaken
if additional parameters are included in the model fits.

For further details and all references, see the full Review of Particle
Physics. See also “Astrophysical Constants,” Table 2.1 in this Booklet.

Nevertheless, cosmology is now a precision science!

How is that possible?
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QCD Equation of state at µB=0 

WB: S. Borsanyi et al., 1309.5258, PLB (2014) 
HotQCD: A. Bazavov et al., 1407.6387, PRD (2014) 

  EoS available in the continuum 
limit, with realistic quark masses 

  Agreement between stout and 
HISQ action for all quantities 

WB: S. Borsanyi et al.,1309.5258 

WB: S. Borsanyi et al.,1309.5258 

WB HotQCD 

6/26 

hadrons

QGP



A. Bazavov et al. (hotQCD), PRD90 (2014) 094503  



FLUCTUATIONS

• studying the system  
by linear response

µB µS

µQ mq

�B,S,... =
1

�V

@2

@µ̄B@µ̄S ...
lnZ

µ = µBB + µQQ+ µSS



FLUCTUATIONS

• Baryon sector 
 

or introduce the chemical potential

P = T
X

↵=M,B

g↵

Z
d3k

(2⇡)3
⌥ ln(1⌥ e��

p
k2+M2

↵)

P = T
X

↵=B,B̄

g↵

Z
d3k

(2⇡)3
ln(1 + e��

p
k2+M2

↵±µ̄B )



FLUCTUATIONS

• taking derivative

�B =
@2

@µ̄B@µ̄B
P µB ! 0at the limit

�B =
1

�V

@

2

@µ̄B@µ̄B
lnZ

= T

2hh
Z

d

4
x  ̄(x)�0 (x) ̄(0)�0 (0)iic

probes fluctuations
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Central Au+Au 200 GeV/nucleon 
MADAI 
Simulation with UrQMD



Andronic, A. et al. Nucl.Phys. A904-905 (2013)

freezeout  
hadrons yields 

described by HRG

Freezeout parameters
T f , µf

B , µ
f
S , µ

f
Q, ...

https://inspirehep.net/author/profile/Andronic%2C%20A.?recid=1193994&ln=en


Courtesy of Brookhaven National Laboratory

QCD Phase Diagram

QGP: 
quarks and gluons 

are deconfined.

Hadronic phase: 
quarks are confined 

 and massive.



TOWARDS REAL HADRON GAS

• Hadron contents in individual sectors 
 
-> the case of missing strange baryons 

• Question the assumption of HRG treatment for 
resonances: non-interacting and point-like.
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Missing resonances in the strange sector



strange mesons to be discovered…
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PML, M. Marczenko, K. Redlich and C. Sasaki  

 Phys.Rev. C92 (2015) no.5, 055206



THERMODYNAMICS OF BROAD 
RESONANCES

• unconfirmed light resonances in the strange sector

Citation: J. Beringer et al. (Particle Data Group), PR D86, 010001 (2012) (URL: http://pdg.lbl.gov)

K ∗

0(800)
or κ

I (JP ) = 1
2 (0+)

OMITTED FROM SUMMARY TABLE
Needs confirmation. See the mini-review on scalar mesons under
f0(500) (see the index for the page number).

K∗
0(800) MASSK∗
0(800) MASSK∗
0(800) MASSK∗
0(800) MASS

VALUE (MeV) EVTS DOCUMENT ID TECN COMMENT

682 ±29 OUR AVERAGE682 ±29 OUR AVERAGE682 ±29 OUR AVERAGE682 ±29 OUR AVERAGE Error includes scale factor of 2.4. See the ideogram below.

826 ±49 +49
−34 1338 1 ABLIKIM 11B BES2 J/ψ → K0

S
K0

S
π+π−

849 ±77 +18
−14 1421 2,3 ABLIKIM 10E BES2 J/ψ → K±K0

S
π∓π0

841 ±30 +81
−73 25k 4,5 ABLIKIM 06C BES2 J/ψ → K∗(892)0K+π−

658 ±13 6 DESCOTES-G...06 RVUE πK → πK

797 ±19 ±43 15k 7,8 AITALA 02 E791 D+ → K−π+π+

• • • We do not use the following data for averages, fits, limits, etc. • • •

663 ± 8 ±34 9 BUGG 10 RVUE S-matrix pole

706.0± 1.8±22.8 141k 10 BONVICINI 08A CLEO D+ → K−π+π+

856 ±17 ±13 54k 11 LINK 07B FOCS D+ → K−π+π+

750 +30
−55

12 BUGG 06 RVUE

855 ±15 0.6k 13 CAWLFIELD 06A CLEO D0 → K+K−π0

694 ±53 3,14 ZHOU 06 RVUE K p → K−π+n

753 ±52 15 PELAEZ 04A RVUE K π → K π

594 ±79 14 ZHENG 04 RVUE K− p → K−π+ n

722 ±60 16 BUGG 03 RVUE 11 K− p → K−π+ n

905 +65
−30

17 ISHIDA 97B RVUE 11 K− p → K−π+ n

1The Breit-Wigner parameters from a fit with seven intermediate resonances. The S-

matrix pole position is (764 ± 63+71
−54) − i (306 ± 149+143

− 85) MeV.

2 From a fit including ten additional resonances and energy-independent Breit-Wigner
width.

3 S-matrix pole.
4 S-matrix pole. GUO 06 in a chiral unitary approach report a mass of 757 ± 33 MeV and
a width of 558 ± 82 MeV.

5A fit in the K∗
0(800) + K∗(892) + K∗(1410) model with mass and width of the K∗

0(800)

from ABLIKIM 06C well describes the left slope of the K0
S

π− invariant mass spectrum

in τ− → K0
S

π−ντ decay studied by EPIFANOV 07.
6 S-matrix pole. Using Roy-Steiner equations (ROY 71) as well as unitarity, analyticity
and crossing symmetry constraints.

7Not seen by KOPP 01 using 7070 events of D0 → K−π+π0. LINK 02E and LINK 05I

show clear evidence for a constant non-resonant scalar amplitude rather than K∗
0(800)

in their high statistics analysis of D+ → K−π+µ+ νµ.

HTTP://PDG.LBL.GOV Page 1 Created: 6/18/2012 15:09
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THERMODYNAMICS OF BROAD 
RESONANCES

• The           meson has the right mass range.  

• But it also has a broad width! 



WHAT IS THE EFFECT OF RESONANCE'S 
WIDTH ON THERMODYNAMICS?



S-MATRIX APPROACH
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S-MATRIX APPROACH
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PHASE SHIFT AND DENSITY OF 
STATES
particle in a box

k(0) =
n�

L
� � sin(k(0)x)



PHASE SHIFT AND DENSITY OF 
STATES
particle in a box

in the presence of  a scattering potential

� � sin(kx + �(k)) density of states

k(0) =
n�

L
� � sin(k(0)x)

kL + �(k) = n�
dn(k)

dk
=

L

�
+

1

�

d�

dk

as



PHASE SHIFT AND DENSITY OF 
STATES

phase shift and d.o.s. (schematics)

dn(k)

dk
=

L

�
+

1

�

d�

dk
change in d.o.s. 

due to int.

Effect of repulsive 
interaction: 

pushing states from low k 
to high k

L

�

k

k

� �kas

�(k)

L � as

�

dn(k)

dk



PHASE SHIFT AND DENSITY OF 
STATES

phase shift and d.o.s. (schematics)

dn(k)

dk
=

L

�
+

1

�

d�

dk

� �

0
dk

1

�
�� =

�(�) � �(0)

�

sum rule 
 (Levinson’s theorem)

L

�

k

k

� �kas

�(k)

L � as

�

Area = 0
dn(k)

dk

nint



S-MATRIX FORMULATION OF 
THERMODYNAMICS

R. Dashen, S. K. Ma and H. J. Bernstein, 
Phys. Rev. 187 (1969) 345. 

� lnZ =

Z
dE e��E 1

4⇡i
tr

⇢
S�1
E

@

@E
SE

�

c



A SIMPLE TRICK

1

4⇡i
tr

⇢
S�1
E

@

@E
SE

�

c

=
1

2⇡
⇥ 2

@

@E

1

2
Im tr {lnSE}

SE = e2i�E

� lnZ =

Z
dE e��E ⇥ 1

⇡

@

@E
tr (�E) .

E. Beth and G. Uhlenbeck,  
 Physica (Amsterdam) 4, 915 (1937).



A SIMPLE TRICK

1

4⇡i
tr

⇢
S�1
E

@

@E
SE

�

c

=
1

2⇡
⇥ 2

@

@E

1

2
Im tr {lnSE}

Q(E) Generalised 
 phase shift

B = 2
@

@E
Q(E)

Generalised 
spectral function

SE = e2i�E



EXERCISE: QM SCATTERING 
OPERATOR

SE = G⇤
0 G

⇤�1 GG�1
0

= 1� 2⇡i⇥ �(E �H0)⇥ TE

G =
1

E �H + i✏

show that

Alternative way to obtain the Beth-Uhlenbeck result!

� lnZ =

Z
dE e��E 1

4⇡i
tr

⇢
S�1
E

@

@E
SE

�

c

Verify



ILLUSTRATION: S-MATRIX FOR 
RELATIVISTIC RESONANCES



Q(E) =
1

2
Im tr {lnSE}

=
1

2
Im ln [1 +

Z
d�2 iME ]

iME ⇡ (�ig)
i

E2 �m2
res + iE �E

(�ig)

S-channel 
Resonance



Z
d�2 iME =

�i 2E �E
E2 �m2

res + iE �E

= 2 i sin �E ei�E

tan �E =
�E �E

E2 �m2
res

with 

Q(E) = �E=>

HRG approx. �E = ⇡ ⇥ ✓(E �mres)



FORMULATION

given the exact phase shift δl

thermodynamics Bl = 2
d

dq
δl eff. spectral function

from theory 
or 

from experiment

P = P (0) + �PB.U.

free gas interaction+



FORMULATION

∆PB.U. = (2l + 1)

∫
dq

2π
Bl(q)

∫
d3k

(2π)3
T ln(1 + e−βE(k,q,mi))

Bl = 2
d

dq
δl

E =
√

k2 +M(q)2

M(q) =
√
q2 +m2

1 +
√
q2 +m2

2

M(q) =
√
q2 +m2

1 +
√
q2 +m2

2

q

q

m1 m2

k

statistical (thermal weight)dynamical

QP



WHAT'S IN A NAME? THAT WHICH 
WE CALL A RESONANCES?

• A resonance is MORE than a MASS and a WIDTH

Citation: C. Patrignani et al. (Particle Data Group), Chin. Phys. C, 40, 100001 (2016)

f0(500) or σf0(500) or σf0(500) or σf0(500) or σ
[g ]

was f0(600)was f0(600)was f0(600)was f0(600)
IG (JPC ) = 0+(0 + +)

Mass m = (400–550) MeV
Full width Γ = (400–700) MeV

f0(500) DECAY MODESf0(500) DECAY MODESf0(500) DECAY MODESf0(500) DECAY MODES Fraction (Γi /Γ) p (MeV/c)

ππ dominant –
γγ seen –

ρ(770)ρ(770)ρ(770)ρ(770) [h] IG (JPC ) = 1+(1 −−)

Mass m = 775.26 ± 0.25 MeV
Full width Γ = 149.1 ± 0.8 MeV
Γee = 7.04 ± 0.06 keV

Scale factor/ p

ρ(770) DECAY MODESρ(770) DECAY MODESρ(770) DECAY MODESρ(770) DECAY MODES Fraction (Γi /Γ) Confidence level (MeV/c)

ππ ∼ 100 % 363

ρ(770)± decaysρ(770)± decaysρ(770)± decaysρ(770)± decays

π±γ ( 4.5 ±0.5 ) × 10−4 S=2.2 375

π±η < 6 × 10−3 CL=84% 152

π±π+π−π0 < 2.0 × 10−3 CL=84% 254

ρ(770)0 decaysρ(770)0 decaysρ(770)0 decaysρ(770)0 decays

π+π−γ ( 9.9 ±1.6 ) × 10−3 362

π0γ ( 6.0 ±0.8 ) × 10−4 376

ηγ ( 3.00±0.20 ) × 10−4 194

π0π0γ ( 4.5 ±0.8 ) × 10−5 363

µ+µ− [i ] ( 4.55±0.28 ) × 10−5 373

e+ e− [i ] ( 4.72±0.05 ) × 10−5 388

π+π−π0 ( 1.01+0.54
−0.36±0.34) × 10−4 323

π+π−π+π− ( 1.8 ±0.9 ) × 10−5 251

π+π−π0π0 ( 1.6 ±0.8 ) × 10−5 257

π0 e+ e− < 1.2 × 10−5 CL=90% 376

ω(782)ω(782)ω(782)ω(782) IG (JPC ) = 0−(1 −−)

Mass m = 782.65 ± 0.12 MeV (S = 1.9)
Full width Γ = 8.49 ± 0.08 MeV
Γee = 0.60 ± 0.02 keV

HTTP://PDG.LBL.GOV Page 4 Created: 10/1/2016 20:05
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BETH-UHLENBECK 
APPROXIMATION

contribution from 
correlated pi pi pair

physical interpretation:� = �ImTr ln G�1
�

=> ��(E) + ���(E) ���

�E

B = 2
@

@E
�

= �2 Im
@

@E
lnG�1

⇢

= �2 Im[G⇢](2E) + 2 Im[
@⌃⇢

@E
G⇢]
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PI PI SCATTERING  
(S-WAVE)



pi pi  
S-wave

I = 0

aS = 0.26 m�1
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TIME DELAY

g.s. g.s.

g.s.

g.s.

⌧ ⇠ 2
d�

dE
Billiard-ball Impact

b

2r0

P. Danielewicz and S. Pratt  
Phys.Rev. C53 (1996) 249-266



N-BODY SCATTERING



WHY N-BODY?

• EOS for dense system 
-> need  higher coefficients of  
quantum cluster / virial expansion  
(three-body forces, etc.) 

• Explore the influence of N-body scatterings on heavy ion 
collision observables:  
pT-spectra, flow etc. 

• phenomenology 
-> model S-matrix element instead…



RECIPE

• generalized phase shift

QN (M) =
1

2
Im


ln (1 +

Z
d�N iM)

�

d�N =
d3p1
(2⇡)3

1

2E1

d3p2
(2⇡)3

1

2E2
· · · d

3pN
(2⇡)3

1

2EN
⇥

(2⇡)4 �4(P �
X

i

pi).

Feynman amplitude

phase space approach



PHASE SPACE DOMINANCE

• structureless scattering

iM = i�N

�N (s) =
1

16⇡2s

Z s0+

s0�

ds0
q

�(s, s0,m2
N )⇥

�N�1(s
0,m2

1,m
2
2, ...,m

2
N�1)

QN (M) =
1

2
Im


ln (1 +

Z
d�N iM)

�

Dimension: ⇠ E2N�4

Källén triangle function
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TRIANGLE DIAGRAM

• 3-body diagram

k1

k2

k3 k03

k02

k01



iM4(Q1, Q2, Q3) =

Z
d4l

(2⇡)4
⇥ (�i�)3 ⇥ iG(l)⇥ iG(l +Q1)⇥ iG(l �Q2)

k1

k2

k3 k03

k02

k01

iM4(Q2
1, Q

2
2, s = P

2
I

) = �i

�

3

16⇡2

Z 1

0
dx

Z 1�x

0
dy

1

�(x, y)

Feynman’s trick + dim reg.

�(x, y) = m

2
⇡ � x(1� x)Q2

1 � y(1� y)Q2
2

� 2xy Q1 ·Q2 � i✏.

Explicit calculation



• to lowest order 
 
=> only need to deal with on-shell condition

Q(s) ⇡ 1

2
Im

Z
d�3 iMtriangle

�
,

k0i = ki

iM4,o.s.(Q2
1, s) = �i

�3

16⇡2

z

Q2
1

ln
1� z

1 + z

z =
1q

1� 4m2
⇡

Q

2
1

.

analytic result:



Q(s) ⇡ 1

2
Im

Z
d�3 iMtriangle

�
,

s ! 9m2
⇡

s � 9m2
⇡

Q(s) ⇡ 1

2
⇥ �e↵

3 ⇥ �3(s).

Q(s) ⇡ �3

8192⇡5

Z 1

⇠0

d⇠ (
1

⇠
� 1)


�z ln

����
1� z

1 + z

����

�

⇡ �3

4096⇡5
⇥

1 + ln

⇠0
4

+ (ln
⇠0
4
)2
�

⇠0 =
4m2

⇡

s
.where

Limits:



s ⇡ 9m2
⇡

full

s � 9m2
⇡

⇠ �e↵
3 ⇥ �3(s)
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⇠ 1� ln [s/m2
⇡] +

1

2
⇥ (ln [s/m2

⇡])
2



BOX DIAGRAM

• 4-body diagram
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k3

k4 k04

k03

k02

k01



Feynman’s trick + dim reg.

Explicit calculation

k1

k2

k3

k4 k04

k03

k02

k01

iMbox(Q
1

, Q
2

, Q
3

, Q
4

) =

Z
d4l

(2⇡)4
(�i�)4 ⇥ iG(l)⇥ iG(l +Q

1

)

⇥ iG(l +Q
1

�Q
3

)⇥ iG(l �Q
2

)

iMbox(Q
1

, Q

2

, Q

3

, Q

4

) = i

�

4

16⇡2

Z
1

0

dx

Z
1�x

0

dy⇥
Z

1�x�y

0

dz ⇥
✓

1

�(x, y, z)

◆
2



Limits:

Q(s) ⇡ 1

2
Im

Z
d�

4

iMbox,o.s.

�
.

Q(s) ⇡ 1

2
⇥ �e↵

4 ⇥ �4(s).

iM4,o.s.(Q2
1, s) ⇡ i�e↵

4

�e↵
4 =

�4

256⇡2

1

m4
⇡

⇥ (

p
3

2
ln (7� 4

p
3) + 2)

s ! 16m2
⇡

Negative!

s >> 16m2
⇡ ???
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SUMMARY

• change in density of state / time delay  
 due to interaction  
 
 

• S-matrix approach to thermodynamics  

• Extend to N-body with phase space expansion

2
d�

dE



THANK YOU



BACKUP



APPLICATION  
PION + NUCLEON + DELTA SYSTEM



WHAT'S IN A NAME? THAT WHICH 
WE CALL A RESONANCES?

• A resonance is MORE than a MASS and a WIDTH

Citation: K.A. Olive et al. (Particle Data Group), Chin. Phys. C, 38, 090001 (2014) and 2015 update

∆ BARYONS∆ BARYONS∆ BARYONS∆ BARYONS
(S = 0, I = 3/2)(S = 0, I = 3/2)(S = 0, I = 3/2)(S = 0, I = 3/2)

∆++ = uuu, ∆+ = uud, ∆0 = udd, ∆− = ddd

∆(1232) 3/2+∆(1232) 3/2+
∆(1232) 3/2+∆(1232) 3/2+ I (JP ) = 3

2 (3
2
+)

Breit-Wigner mass (mixed charges) = 1230 to 1234 (≈ 1232) MeV
Breit-Wigner full width (mixed charges) = 114 to 120 (≈ 117) MeV
Re(pole position) = 1209 to 1211 (≈ 1210) MeV
−2Im(pole position) = 98 to 102 (≈ 100) MeV

∆(1232) DECAY MODES∆(1232) DECAY MODES∆(1232) DECAY MODES∆(1232) DECAY MODES Fraction (Γi /Γ) p (MeV/c)

N π 100 % 229

N γ 0.55–0.65 % 259

N γ , helicity=1/2 0.11–0.13 % 259

N γ , helicity=3/2 0.44–0.52 % 259

∆(1600) 3/2+∆(1600) 3/2+
∆(1600) 3/2+∆(1600) 3/2+ I (JP ) = 3

2 (3
2
+)

Breit-Wigner mass = 1500 to 1700 (≈ 1600) MeV
Breit-Wigner full width = 220 to 420 (≈ 320) MeV
Re(pole position) = 1460 to 1560 (≈ 1510) MeV
−2Im(pole position) = 200 to 350 (≈ 275) MeV

∆(1600) DECAY MODES∆(1600) DECAY MODES∆(1600) DECAY MODES∆(1600) DECAY MODES Fraction (Γi /Γ) p (MeV/c)

N π 10–25 % 513

N ππ 75–90 % 477

∆π 40–70 % 303

N ρ <25 % †

N(1440)π 10–35 % 98

N γ 0.001–0.035 % 525

N γ , helicity=1/2 0.0–0.02 % 525

N γ , helicity=3/2 0.001–0.015 % 525

HTTP://PDG.LBL.GOV Page 1 Created: 10/6/2015 12:18
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EFFECTIVE POTENTIAL FOR  
(PI N DELTA) SYSTEM

•      -derivable approach�

��

�G(N,�)
= ��(N,�)

��

�D�
= ��

2PI

ln Z = � 1

2
Tr lnD�1

� � 1

2
Tr [��D�]

+ Tr ln G�1
N + Tr [�NGN ]

+ Tr ln G�1
� + Tr [��G�] + �[D�, GN , G�]

Gap equations



BETH-UHLENBECK 
APPROXIMATION

ln Z � � 1

2
Tr ln D(0)�1

� + Tr ln G(0)�1

N + Tr ln G�1
�

free gas interaction

full GF!
� � �Tr [��G�]

�
�

N



BETH-UHLENBECK 
APPROXIMATION

� = �Im ln G�1
�

B = 2
�

�E
�

= �2 Im
�

�E
ln G�1

�

= �2 Im [G�] + 2 Im [
���

�E
G�]

=> ��(E) + ���(E)

contribution from 
pi N pair

physical interpretation:

���

�E



PI K SCATTERING



pi K  
S-wave
I = 1/2
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aS = 0.224 m�1
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pi K  
S-wave
I = 3/2
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